The theory of exterior differential systems plays a crucial role in Cartan's whole mathematical production. As he once recognized, all the germs of his subsequent work were contained there. Indeed, it provided him with powerful technical tools that turned out to be very useful in many different fields such as the theory of partial differential equations, the theory of infinite dimensional Lie groups (Lie pseudogroups) and differential geometry. Nevertheless, scarce attention has been paid to this area of historical research thus far. Although authoritative scholars have investigated the foundation of exterior differential calculus in Cartan's early papers, no specific analysis of Cartan's subsequent works laying the foundations of what nowadays is known as the Cartan-Kähler theory has been yet provided. This article represents a first attempt to remedy this unsatisfactory state of affairs by focusing on Cartan's work on Pfaffian systems at the very beginning of the past century. The analysis of Cartan's relevant papers is preceded by a description of the historical context in which such contributions were conceived. In this respect, special emphasis will be put on some works by Engel and von Weber on Pfaffian systems, which laid the basis for the subsequent geometrical developments of Cartan's theory of exterior differential systems.
Introduction
Historians and mathematicians are unanimous in considering Cartan's work on Pfaffian systems (what we would nowadays call exterior differential systems) as a landmark Communicated by Umberto Bottazzini.
A. Cogliati (B) Dipartimento di Matematica 'Federigo Enriques', Università degli Studi di Milano, Via Saldini 50, 20133 Milano, Italy e-mail: alberto.cogliati@unimi.it both for his own mathematical production and the development of twentieth century mathematics itself. The strategic role played by such systems in so many realms of mathematical research, such as the general theory of partial differential equations, Lie groups and the theory of equivalence and differential geometry, to mention only a few, is universally acknowledged.
Cartan himself was quite definite in assessing the importance of his work on total differential equations within his whole mathematical activity. Referring to the years when his attention was concentrated for the large part on developing his ideas on Pfaffian equations, he once wrote that those were years of calm and long meditation in which all the germs of his subsequent works were contained. 1 Nevertheless, it appears that scarce attention has been paid to this area of historical research thus far. Authoritative scholars 2 have dealt with Pfaff's problem and the foundation of exterior differential calculus in Cartan's early papers; however, no specific analysis of his subsequent works laying the foundations of what is nowadays known as the Cartan-Kähler theory has yet been provided. The present article represents a first partial attempt to remedy this unsatisfactory state of affairs. 3
Some technical preliminaries
This section is devoted to some general remarks on the mathematics which we are about to deal with. Historical accuracy will not be main focus of attention here; we will limit ourselves to giving the necessary information that will be helpful in understanding the discussion that follows. The interested reader can find a detailed historical account of this material in the paper by Hawkins (2005) .
The main topic of our discussion will be the problem of integration of differential systems of Pfaffian equations; thus, it seems appropriate to describe briefly what a Pfaffian equation is and what it means to integrate such equations. Moreover, it is useful to emphasize a crucial separation that has to be maintained in the theory and that will be of primary importance for our purposes: the distinction between the completely integrable (unbeschränkt integrable) case and the not completely integrable one.
In modern terms, what nineteenth century mathematicians meant by a Pfaffian form in n variables can be identified with the local expression of a differential 1-form defined on a n-dimensional manifold. However, until 1899, when Cartan gave a symbolic definition of what he called a differential expression (expression différentielle), it appears that no autonomous status was attributed to it. Instead, what was considered 1 See Appendix C in Akivis and Rosenfeld (1993):
[…] Je garde le meilleur souvenir des quinze ans que j'ai passés en province, à Montpellier d'abord, à Lyon, et à Nancy ensuite. Ce furent des années de méditation dans la calme, et tout ce que j'ai fait plus tard est contenu en germe dans mes travaux mûrement médités de cette période.
